A note on the singularity in the evolution of nonlocal constraint flows
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We look at the case of Gage’s area-preserving flow first. Here the initial curve is
locally convex, immersed and may have intersection with itself.

(1) If the algebraic area of initial curve is negative (in the sense of usual
orientation), i.e., 4, <0, it is shown that the flow produces a singularity at a finite
time in the paper [1] by Sesum,Tsai and Wang.

(2) If the algebraic area of initial curve is zero, i.e., 4,=0, it is shown that the
flow produces a singularity at the maximal existence time 7, in the same paper.
Note that in this case, we do not know whether 7, <o or not? This problem is
proposed in [2]. Nevertheless, if one can show that the flow does not converge to a
pointas t—7 ., then 7 must be finite.

(3) How about the case of 4,>07? In fact, it is proved in [1] that if the initial
curve has some rotationally symmetry (and some additional assumptions if necessary),
then the flow exists globally and converges to an m-fold circle at ¢ —oo. But it is
still possible for the flow to produce a singularity at a finite time, that is, when initial
curve satisfies L <4mm A, (with total curvature being 2mz ), see the proof in [1].
We note that a limacon (@) =1+1.7sin@ (6 €[0,4r]) satisfies L, < 874, (see[3])
and thus the flow starting from it produces a singularity at finite time. This in fact

answers an open problem proposed by Yazaki in [4].

Now, we look at the length-preserving flow proposed by Ma-Zhu [5]. In [1], the
authors have shown that different from the case of area-preserving flow, it is the
positivity of an energy at initial time (denoted by E(0)) that impacts the global
existence of flow.

(1) If E0)<0 or L} <4mmA,, the flow produces a singularity at a finite time.

(2) If E(0)=0 and initial curve is rotationally symmetric (without additional
condition), then the flow exists globally and converges to an m-fold circle as
t = o .Recently, Bai, Li and Wang show in preprint [6] that if initial curve satisfies

E(0)>0 and is axis-symmetric, then the flow still has a similar global convergence.
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